We study in this paper the rational homotopy type of the space of symplectic embeddings of the standard ball B 4 (c) ⊂ R 4 into 4-dimensional rational symplectic manifolds. We compute the rational homotopy groups of that space when the 4-manifold has the form M λ = (S 2 × S 2 , µω 0 ⊕ ω 0 ) where ω 0 is the area form on the sphere with total area 1 and µ belongs to the interval [1, 2] . We show that, when µ is 1, this space retracts to the space of symplectic frames, for any value of c. However, for any given 1 < µ < 2, the rational homotopy type of that space changes as c crosses the critical parameter c crit = µ − 1, which is the difference of areas between the two S 2 factors. We prove moreover that the full homotopy type of that space changes only at that value, i.e the restriction map between these spaces is a homotopy equivalence as long as these values of c remain either below or above that critical value. The same methods apply to all other values of µ and other rational 4-manifolds as well. The methods rely on two different tools: the study of the action of symplectic groups on the stratified space of almost complex structures developed by Gromov, Abreu and McDuff, and the analysis of the relations between the group corresponding to a manifold M , the one corresponding to its blow-upM , and the space of symplectic embedded balls in M .
Introduction
It is known that any symplectic form on the manifold M = S 2 × S 2 is, up to a constant, diffeotopic to the split structure M µ = (M, ω µ ) = (S 2 ×S 2 , µω(1)⊕ω(1)), where µ is any real number belonging to [1, ∞) and ω(1) is the area form of total area equal to 1 (see for instance Lalonde-McDuff [9] ). Let B 4 (c) ⊂ R 4 be the closed standard ball of radius r and capacity c = πr 2 equipped with the restriction of the symplectic structure ω st = dx 1 ∧ dy 1 + dx 2 ∧ dy 2 of R 4 . Let Emb ω (c, µ) be the space, endowed with the C ∞ -topology, of all symplectic embeddings of B 4 (c) in M µ . By the Non-squeezing Theorem, this set is non-empty if and only if c < 1. McDuff [11] showed that it is always connected.
In this paper, we study the homotopy type of that space for any given value µ ∈ [1, 2] and all values of 0 < c < 1. The general case µ ∈ [1, ∞) will be treated in [15] , it involves more elaborated algebraic computations but the main geometric ideas are already present in the case µ ≤ 2 of this paper. It will be convenient to denote by [µ] − the "lower integral part" of µ, i.e the largest integer amongst all those that are strictly smaller than µ, and by λ the difference µ − [µ] − . Thus when µ belongs to (1, 2] , λ equals µ − 1, the difference of areas between the base and the fiber of M µ .
Consider the fibration Symp(B 4 (c)) ֒→ Emb ω (c, µ) −→ ℑEmb ω (c, µ)
where Symp(B 4 (c)) is the group, endowed with the C ∞ topology, of symplectic diffeomorphisms of the closed ball, with no restrictions on the behavior on the boundary (thus each such map extends to a symplectic diffeomorphism of a neighborhood of B 4 (c) that sends B 4 (c) to itself), and where ℑEmb ω (c, µ) is the space of subsets of M that are images of applications belonging to Emb ω (c, µ). Thus this is the set of all unparametrized balls of capacity c of M . It is easy to show (see Lemma 2.1 below) that the group Symp(B 4 (c)) retracts onto its compact subgroup U (2). It will be therefore equivalent, in this paper, to state the results for Emb ω (c, µ) or for ℑEmb ω (c, µ).
Denote by ι c , c < 1, the standard symplectic embedding of B 
where the space in the middle is the group of all symplectic diffeomorphisms of M µ , the one on the left is the subgroup of those that preserve (not necessarily pointwise) the image B c of ι c , and the right hand side arrow assigns to each diffeomorphism φ the image of the composition φ • ι c . Denoting byM µ,c the blow-up of M µ at the ball ι c and by Symp(M µ,c ) the group of its symplectomorphisms, we show in § 2 that Symp(M µ , B c ) is homotopically equivalent to the subgroup Symp(M µ,c , E) ⊂ Symp(M µ,c ) of symplectomorphisms that preserve the exceptional fiber E of the blown-up space. We show furthermore in § 2 that the latter group Symp(M µ,c ) retracts to the former Symp(M µ,c , E). We therefore have a homotopy fibration
thus the computation of the rational homotopy type of ℑEmb ω (c, µ) can in principle be derived from the rational homotopy types of Symp(M µ,c ) and Symp(M µ ), and the knowledge of the morphisms in the long exact homotopy sequence of (3) that relies on a careful analysis of the relations between the topology of these two groups.
Here are the results. Let's begin with the case µ = 1. Gromov [6] showed that Symp(M µ=1 ) has the homotopy type of the semi-direct product SO(3) × SO(3) × Z/2Z. We show in § 3:
The group Symp(M µ=1,c ) has the homotopy type of the semi-direct product T 2 × Z/2Z.
The idea in the proof is to consider the subgroup G of Symp(M µ=1,c ) that acts trivially on homology and let it act on the (contractible !) set of configurations of triples of symplectic surfaces in classes B − E, E, F − E ∈ H 2 (M ; Z) (here B and F are respectively the classes of the first and second factors in S 2 × S 2 ) and show that the stabilizer Stab ⊂ G of a configuration A 1 ∪ A 2 ∪ A 3 is determined by the way each element φ ∈ Stab restricts to two of these surfaces: actually if φ is the identity on A 1 , A 3 , we show that its action on the normal bundles of A 1 and A 3 is determined up to homotopy by its action on the two normal fibers at p = A 1 ∩ A 2 and q = A 3 ∩ A 2 and that its action on the normal bundle of A 2 is homotopically equivalent to the fibration Z → R → S 1 , where S 1 is the rotation of A 2 round the two fixed points p, q, and Z measures the torsion of the action in the normal bundle along a meridian joining p to q (Thus the last two actions cancel each other). Therefore φ is determined by its linear action on A 1 and A 3 , that is to say by S 1 × S 1 . See § 3 for more details.
It is then easy to see that:
Corollary 1.2 When µ = 1, the space Emb ω (c, µ = 1) retracts, for any value of c, to the space SFr(µ = 1) = {(p, β) | p ∈ M and β is a symplectic frame at p} of symplectic frames of M µ=1 . That is to say: ℑEmb(c, µ = 1) retracts to M = S 2 × S 2 .
Proof: Consider the following commutative diagram where the superscript 0 denotes the identity component. Because the first two vertical arrows are homotopy equivalences, so is the last one.
Consider now the case 1 < µ ≤ 2. Abreu [1] computed the rational cohomology ring of Symp(M µ ) for these values of µ: Theorem 1.3 (Abreu [1] ) When µ ∈ (1, 2], the rational cohomology of Symp(M µ ) is isomorphic as a ring to Λ(α,
where the first factor is the free exterior algebra on three generators of respective degrees 1, 3, 3 and where the second factor is the symmetric algebra on a single generator of degree 4.
Recall that λ = µ − [µ] − = µ − 1. We prove in § 3 the following theorem, that extends Abreu's results to blown-up spaces: where the first factor is the free exterior algebra on three generators all of degree 1 and the second factor is the symmetric algebra on a single generator which is of degree 4 if c belongs to the interval (0, λ), and of degree 2 if c belongs to the interval [λ, 1).
The proof is a variant of the argumentation in Abreu-McDuff's work [3, 13] . In some sense, it incorporates in a single model both of their studies, i.e the case of the trivial S 2 -bundle over S 2 and the case of the non-trivial one. There is, however, one new delicate point here concerning the construction of Liouville flows on open algebraic subsets, which is resolved by approximating the symplectic form by a rational one and embedding blown-up spaces in projective spaces of arbitrarily high dimension, the dimension being determined by the rational approximation. See Proposition 3.28 for details.
From Theorems 1.3 and 1.4, one concludes at once:
For any given value of µ ∈ (1, 2), the restriction map Emb ω (c ′ , µ) → Emb ω (c, µ) is not a homotopy equivalence when c < λ and c ′ ≥ λ.
Proof: Indeed, if it were a homotopy equivalence, then, by the sequence (1), there would also be a homotopy equivalence between ℑEmb ω (c ′ , µ) and ℑEmb ω (c, µ) that would make the following diagram commutative
Hence the homotopic fibers of ρ and ρ ′ would coincide, i.e Symp(M µ,c ′ ) and Symp(M µ,c ) would have the same homotopy type, which would contradict Theorem 1.4.
In § 5, we go further and compute the rational homotopy groups of Emb ω (c, µ) for all values of c and µ ∈ [0, 1]. To achieve this, we first derive from Theorems 1.3 and 1.4 the rational homotopy groups of Symp(M µ ) and Symp(M µ,c ): the Cartan-Serre theorem [5] implies that the number of generators of the k th rational homotopy group (as module) is the same as the number of generators of degree k in the rational cohomology (as a ring). However, this is not enough to derive the rational homotopy groups of Emb ω (c, λ) since one needs to understand the morphisms in the homotopy long exact sequence corresponding to the fibration (3).
To prove that there is a homotopy jump in the spaces Emb ω (c, µ) only when c reaches the value λ, we need to show that the rational homotopy groups of Emb ω (c, µ) remain unchanged for all values c ≤ λ. Thus both the knowledge of π * (Emb ω (c, µ)) ⊗ Q for c < λ and the knowledge of the jump at c = λ depend on the following crucial fact proved in Section 4: Theorem 1.6 Given any value of µ ∈ [1, 2], the restriction map
is a homotopy equivalence for all pairs 0 < c ≤ c ′ < λ and pairs λ ≤ c ≤ c ′ < 1. There is, correspondingly, a natural homotopy equivalence between ℑEmb ω (c ′ , µ) and ℑEmb ω (c, µ) for the same set of pairs.
The proof of this theorem is based on a beautiful idea due to McDuff in her recent paper [14] , that consists in considering the Lalonde-McDuff inflation technique from a global homotopical point of view. The rest of the argument relies on the computation of Gromov's invariants in blown-up spaces and on the analysis of the types of degeneracies of the embedded J-holomorphic curves associated with non-vanishing Gromov's invariants. The delicate point here is that this must be carried out for all tamed almost complex structures, even the least generic ones. See § 4.
Combining theorems 1.3, 1.4 and 1.6, we can then compute the homotopy exact sequence of the fibration (3) and conclude (see § 5): Theorem 1.7 Fix any value µ ∈ (1, 2]. Then 1) the spaces ℑEmb ω (c, µ), c < λ = µ − 1, are all homotopically equivalent to S 2 × S 2 (they have therefore the homotopy type of a finite CW-complex);
2) the rational homotopy groups of ℑEmb ω (c, µ), c ≥ λ = µ − 1, vanish in all dimensions except in dimensions 2, 3 and 4 in which cases we have π 2 = Q 2 , π 3 = Q 3 and π 4 = Q (they do not have the homotopy type of a finite CW-complex).
If (N, ω) is a symplectic manifold, let's say that an element a of π * (Symp(N, ω)) ⊗ Q is Kähler if it can be represented by Kähler diffeomorphisms for some Kähler structure compatible with the symplectic form. Consider the subalgebra L K of the Lie algebra π * (Symp(N, ω)) ⊗ Q (with the Samelson product) generated by all Kähler elements (where the products can be taken between elements corresponding to different Kähler structures). We say that an element a ∈ π * (Symp(N, ω)) ⊗ Q is strongly non-Kähler if it does not belong to L K . We then have: Proposition 1.8 In the above theorem, the difference of rank in dimension 3, as c crosses the value λ, is due to the birth at that value of the new, strongly non-Kähler, spherical generator w 2 in dimension 2 in the rational cohomology of Symp(M µ,c ).
The difference of rank in dimension 4 comes from the following symplectic phenomenon: Proposition 1.9 Fix µ ∈ (1, 2] and consider the generator w 4 of π 4 (Symp(M µ ))⊗Q. Then, for each c < λ, there is a family of symplectic diffeomorphisms φ : S 4 → Symp(M µ ) in the class w 4 that preserve some ball of capacity c. However, such a representation is no longer possible for c ≥ λ.
Note that this proposition is compatible with the fact that the element w 4 disappears in π 4 (Symp(M µ )) ⊗ Q when λ vanishes. That is to say, as the symplectic form (µ)ω 0 ⊕ ω 0 on S 2 × S 2 approaches the form with equal weights on each factor, the class w 4 = [φ] can be made to preserve an "optimal ball" of small and smaller capacity until the value µ = 1 is reached where both the preserved ball and the element [ 
The Proposition 1.9 can be considered as a generalization of the Non-Squeezing theorem in that it assigns to M higher order capacities. Indeed the usual Non-squeezing theorem concerns the maximal size of a symplectic ball preserved by an element of π 0 (Symp(M )), i.e by a single diffeomorphism (which can be chosen to be the identity !).
We mention finally that this element φ ∈ π 4 (Symp(M µ , B c )) ⊗ Q for c < λ is strongly non-Kähler as an element of Symp * (M µ , B c ) but, as an element of π * (Symp(M µ )) ⊗ Q turns out to be only non-Kähler -see § 5.
We postpone to the paper [15] various generalizations or extensions of the results presented here, for instance the treatment of the general case µ ∈ (1, ∞), the proof that there is no torsion in the homotopy groups of Symp(M µ,c ), and the computation of the full homotopy type of the spaces Emb(c, µ). 
is a fibration whose fiber Symp(B 4 (c), B(c)) ≃ Symp(B 4 (c)) retracts onto its compact subgroup U (2).
Proof: Let's first show the second assertion.
Set G = Symp(B 4 (c)). Since the elements of G preserve the characteristic foliation of ∂B 4 (c), i.e the Hopf fibration, the quotient defines an element of the group Symp(CP 1 ), hence a fibration H → G → Symp(CP 1 ) whose base retracts to P SU (2). The fiber H is the group of Hamiltonian symplectomorphisms that preserve each circle S 1 of the Hopf fibration. If h t is a Hamiltonian function generating φ ∈ H, its gradient ∇h t must be orthogonal to S 3 and thus φ is a multiple of the standard S 1 action. Hence, the restriction of each element of H to S 3 defines a homotopy fibration
where H ′ is the normal subgroup of H that consists of all symplectic diffeomorphisms of B 4 (c) whose restriction to the boundary is the identity. But this group retracts to the group of symplectomorphisms with compact support in the interior of B 4 (c). By a result of Gromov [6] , it is contractible. The above fibration shows that the inclusion S 1 ⊂ H given by θ → e iθ id is a homotopy equivalence. Hence the diagram
commutes with both the left and right hand side vertical arrows being homotopy equivalences. This concludes the proof that Symp(B 4 (c)) retracts onto U (2). It remains to show that the sequence of maps
is a locally trivial fibration. Since the fiber is the reparametrization group, one only needs to show that on each sufficiently C ∞ -small neighborhood U B of any element B ∈ ℑEmb ι ω (B 4 (c), M ), there is a continuous section of π. Because the space of embeddings considered here is connected, the extension of Hamiltonian isotopies imply that any two such embeddings differ by a symplectic diffeomorphism, and it is therefore enough to prove the existence of the section on an arbitrarily small C ∞ -neighborhood of the given ball B c ⊂ M . An ε-neighborhood U of B c consists of symplectic images of ∂B 4 (c) that are ε-close to ∂B c in any fixed Riemannian metric on M . The usual construction based on the exponential map on the normal bundle of ∂B c gives a parametrization f : ∂B c → ∂B of any B ∈ U. The pull back characteristic foliation is then C ∞ -close to the one on ∂B c and one can use once again the exponential map in the normal bundle of each leaf in order to construct a foliation-preserving map f ′ : ∂B c → ∂B which therefore induces a diffeomorphism of their symplectic quotients that pulls back the symplectic form on (∂B)/ ∼ to a form sufficiently close to the one on (∂B c )/ ∼ to apply Moser's argument. Any choice of connections on both fibrations give rise to a lift of the resulting symplectic map on the quotient spaces to a symplectic diffeomorphism f ′′ : ∂B c → ∂B close to f ′ , and thus close to f too. Using once again the exponential maps, there is a canonical way to extend f ′′ to a diffeomorphism F : B c → B, and by the relative version of Moser's argument, this can be made symplectic without changing the diffeomorphism on the boundary.
The proof of the following lemma is entirely similar: The only difference is that, once the section in the proof of the last lemma is constructed, one needs to extend in some canonical way the symplectic diffeomorphism F : B c → B to a symplectic diffeomorphism G of M isotopic to the identity. But this is possible because that symplectic embedding F can be constructed in such a way that it is canonically isotopic to the identity. We then obtain the desired diffeomorphism G by extension of Hamiltonian isotopies.
Let's now make the assumption that the space Emb ω (B 4 (c), M ) is connected. It is known then that symplectic blow-up forms corresponding to different symplectic embeddings in Emb ω (B 4 (c), M ) ( [11, 12] ) are isotopic. Observe that in this case the sequences of the above two lemmas are also locally trivial fibrations when considered with the superscripts 0, and ι suppressed.
Denote by Symp U(2) (M, B c ) the subgroup of Symp(M, B c ) that acts near B c in a U (2)-linear way. Denote byM c = (M ,ω) the symplectic blow-up of (M, ω) at ι and by C exc the exceptional 2-sphere. Write Symp U(2) (M c , E) for the blow-ups of these symplectomorphisms at ι c which therefore act linearly in a small neighborhood of the exceptional fiber C exc , and Symp(M c , E) for the subgroup of Symp(M c ) that preserve (not necessarily pointwise) the exceptional fiber C exc . We therefore have a homotopy fibration
Lemma 2.3 Consider the following sequence of maps
which can be used to compute the homotopy type of ℑEmb ω (B 4 (c), M ) and thus the one of Emb ω (B 4 (c), M ) too. Now let's make the last assumption that the exceptional curve E inM c = (M ,ω) cannot degenerate, i.e for everyJ in the space J (ω) ofω-tamed almost complex structures, there is a unique embeddedJ-holomorphic representative of E and noJ-cusp-curve in class E.
Lemma 2.4
With these assumptions, the group Symp(M c ) retracts onto its subgroup Symp(M c , E).
Proof: Fix anyω-tamed structureJ for which C exc is holomorphic. If g ∈ Symp(M c ), the structureJ 0 = g * (J) has g(C exc ) as unique holomorphic E-curve. LetJ t be a path joiningJ 0 toJ 1 =J. By hypothesis, there is a uniqueJ t -curve in class E, and we get a oneparameter family S t of symplectically embedded unparametrized 2-spheres joining g * (C exc ) to C exc .
The point is that the space of one-parameter symplectic parametrizations
which satisfy h 0 = id, is contractible. Indeed, two such parametrizations differ by a path g t ∈ Symp(S t ), and thus this space is homeomorphic to the space of paths in Symp(S 0 ) that start at the identity, which is obviously contractible. Now given any such choice of parametrization, one gets a Hamiltonian isotopy from the the identity map on g * (C exc ) to some symplectic diffeomorphism of g * (C exc ) → C exc . Now extend this isotopy toM and compose with g.
Putting the previous statements together, we get: 
It turns out that the manifold M µ = (S 2 × S 2 , ω µ ), satisfies these hypotheses for all values of µ ≥ 1 and c ∈ (0, 1). The first one is a consequence of a theorem of McDuff [11] and the second is a computation based on the adjunction formula, the positivity of intersections and the area constraint. Indeed: Proposition 2.6 In M µ , there are for eachJ ∈ J (ω), unique embeddedJ-holomorphic curves in classes E and F − E, which are Fredholm regular.
Proof: These classes admit embedded holomorphic representatives for genericJ-structures, and they must be regular by Hofer-Lizan-Sikorav regularity criterion [7] . By positivity of intersection, they must be unique since their self-intersection is −1. We must show that they cannot degenerate to cusp-curves.
Recall that the adjunction formula states that any non-multiply covered J-holomorphic curve u : Σ g → M in a class D in a 4-dimensional symplectic manifold satisfies g v (u) ≥ g where g is the genus of the parametrizing Riemann surface and g v (u) is the virtual genus defined by 1 +
, with equality iff the map is an embedding. For spherical classes, this means that
with equality iff the curve C is embedded. In the sequel, we will write C for the image of a parametrized non-multiply covered curve, kC if it is multiply covered, and C = n 1 C 1 + . . . + n k C k for a cusp-curve decomposition of C parametrized by a tree of k 2-spheres with the restriction of u to i th (1 ≤ i ≤ k) component of the tree being a n i -multiple covering map onto its image.
We leave the proof of the following lemma to the reader -it is an easy consequence of the above adjunction formula and of the positivity ofω onJ-holomorphic curves.
Lemma 2.7 If a class pB
Let's prove Proposition 2.6 for the class F − E (the case E is easier and will be left to the reader). By the last lemma, a curve in that class can only degenerate to multiples of somewhere injective curves in classes of the form q i F − r i E. The adjunction formula yields 2q i ≤ 2 + r i − r In this section, we compute the rationnal cohomology ring of Symp(M µ,c ) using techniques similar to the ones developped by Abreu in [1] , Abreu-McDuff in [3] and McDuff [13] . BecauseM µ,c can be blown down to either S 2 × S 2 or CP 2 #C P 2 (by blowing down either the class E or F −E), the study of the group Symp(M µ,c ) incorporates in some sense the two different studies in Abreu-McDuff [3] on the symplectic groups of S 2 × S 2 and CP 2 #C P 2 . We will explain in this section how the two geometries fit together, and will refer the reader to Abreu and McDuff in all cases when the proofs are mild adaptations of those contained in [1, 3, 13] .
We will first explain the general framework for the calculation of that cohomology ring for all values µ ≥ 1, and then restrict ourselves later to the case µ ≤ 2.
For k ≥ 0, denote by D 2k ∈ H 2 (M µ,c , Z) the class B − kF − E and by D 2k+1 the class B − (k + 1)F . We already know from the preceeding section that the classes E and F − E cannot degenerate. However the class B − E can and will actually degenerate when µ is larger than 1. Recall that [µ] − be the "lower integral part" of µ, that is to say the largest integer amongst all those that are strictly smaller than µ, and Proof: This is an easy consequence of the analysis of degeneracies of the unique embedded J-curve in class B − E for a genericJ ′ , asJ ′ approaches any given almost complex structurẽ J compatible withω µ,c . By Gromov's compactness theorem, the exceptionalJ ′ -curve C in class B − E must degenerate to aJ-cusp-curve asJ ′ approachesJ. Recall that Lemma 2.7 states that any class pB + qF − rE that admits non-multiply coveredJ-holomorphic representatives must satisfy p ≥ 0. Thus if a curve in class B − E degenerates, the resulting cusp-curve must be the union of a curve of the form B + . . . with curves of the form qF − rE.
Because E is always represented (see Proposition 2.6), the positivity of intersection implies that the coefficient r is always non-negative, except of course in the case p = q = 0. The adjunction formula for genus zero non-multiply covered curves implies that a curve of the form B + qF − rE satisfies r = 0 or 1 and must be embedded. But if the coefficient q were strictly positive, there would be some other component of the form −q ′ F − r ′ E with q ′ > 0 and r ′ ≥ 0, but this is impossible since this would have negative area. The fact that only one such class is represented for eachJ (as well as the fact that theJ-curve is unique in its homology class) is due to the positivity of intersection, it is embedded by the adjunction formula. For more details, see the proof of Lemma 4.3 in Section 4 where a similar but more difficult statement is proved.
Corresponding to each degeneracy of type D i , there are:
(1) a subsetJ i ⊂J (ω µ,c ) consisting of all almost complex structures for which the class D i is represented (2) a configuration space C i consisting of all triplets (A 1 , A 2 , A 3 ) formed ofω µ,c -symplectic embedded surfaces inM µ,c which intersect transversally and positively, and lie in classes F − E, E, B − kF − E respectively if i = 2k and in classes E, F − E, B − (k + 1)F respectively if i = 2k + 1 (3) a Kähler structureJ i ∈J i for which the group of (ω µ,c ,J i )-Kähler isometries is a 2-torus.
As in [3] , we will denote byJ 01...i the unionJ 0 ∪ . . .J i . The previous proposition shows that the set {J i } 0≤i≤ℓ forms a partition ofJ (ω µ,c ). The index formula and standard arguments from the theory of J-curves imply thatJ 0 is an open dense subset ofJ (ω µ,c ) and that each stratumJ i has finite codimension equal to 2i inJ (ω µ,c ). It is however more delicate to see that these subsets fit together to form a stratification in the sense of the following proposition. This was proved by McDuff in [13] in a slightly different context. However her arguments carry over to our case with obvious changes. This gives: Proof: See the proof of Lemma 2.2 in [13] .
The goal of the next propositions is to establish the relations between (1), (2) and (3) above, namely that -each stratumJ i contains a Kähler structureJ i obtained from the blow-up of the Hirzebruch surface W i (this applies for both odd and even Hirzebruch surfaces) and that as i varies from 0 to ℓ, the Kähler structures run over all toric geometries onM λ,c ; -each stratum is homotopically equivalent to the configuration space C i , and although Symp(M µ,c ) does not act transitively onJ i (because the action preserves the integrability), it does act transitively on the corresponding space of orthogonal configurations C 0 i ; -the stabilizer of this action can be identified with the stabilizer of the action of the group onJ i , that is to say to the 2-torusT 2 i of Kähler isometries ofJ i . Moreover, its rational homology injects in the rational homology of Symp(M µ,c ).
Thus Symp(M µ,c ) contains all the toriT 2 i , 0 ≤ i ≤ ℓ and it is not difficult to identify their pairwise intersections in Symp(M µ,c ). As we will see below, this implies that the rational cohomology of Symp(M µ,c ) is the tensor product
Since the strata must fit together to form the contractible spaceJ , these ℓ + 1 equations, together with the Leray theorem on the ring structure of H * (Symp(M µ,c )), lead to an effective way of computing H * (Symp(M µ,c )).
We first briefly recall the definition of the Hirzebruch surfaces. For any µ > 0 and any integer i ≥ 0 satisfying µ − 
It is well-known that the restriction of the projection π 1 : endowed with the form ω µ and M ′ µ is S 2 × τ S 2 with the form that gives area 1 to the fiber and area µ to the "base" (σ −1 + σ 1 )/2. In the case of S 2 × S 2 with the symplectic form ω µ , this means that we have, for each small enough even number i (i.e i/2 < µ), a Kähler structure on M µ , coming from W i , having the section B − (i/2)F holomorphically represented. A similar comment applies to M ′ µ . We refer to Audin [4] for a description of the groups K i of isometries of these Kähler structures. For the manifold W 0 , the group K 0 is the product of SO(3) × SO(3), while in all other even cases M 2k , k > 0, it is SO(3) × S 1 . Here the S 1 -factor is the rotation in the fibers of W 2k by complex multiplication (and it therefore fixes pointwise the section at infinity) while the SO(3)-factor is a lift to W 2k of the standard SO(3)-action on the base. For the odd [4] or [3] for a precise description of this action. We will only need the following easy consequence of the descrition in [4] : Because s ∞ is an exceptional curve of W i , it is preserved by any Kähler isometry. On the other hand, since all these Kähler isometries are fiberwise diffeomorphims, preserving a given fiber amounts to preserving the intersection point with s ∞ . Thus this proposition states that the subgroup of K i that preserves a point on s ∞ is T 2 . We leave to the reader to check that this easily implies: Now, the blow-up W i,c is symplectically diffeomorphic toM µ,c regardless of the parity of i. In the even case, the configuration F i , p, s ∞ is sent, by the blow-up operation centered at the point p = F i ∩ s ∞ , to the configuration F − E, E, D i while in the odd case the same configuration is sent to E, F − E, D i . Note that the F ′ i s live in W i but the classes E, F, D i refer to the standard classes ofM µ,c as defined in the Introduction. Therefore, each torus T 2 i gives rise to an abelian subgroup of Symp(M µ,c ) that we will denote byT 2 i . We now prove the equivalence between configuration spaces and strata of almost complex structures.
Proposition 3.5
The spaceJ i is homotopy equivalent to the configuration space C i .
Proof: The mapJ i → C i that sends each almost complex structureJ to the union of theJ-curves in classes F − E, E and D i is clearly a fibration. Up to homotopy, the fiber consists of those almost complex structures which are fixed on the tangent spaces of the configuration. The structures are completely determined on the transversal directions as well, and therefore on some open neighbourhood of the configuration. But it is well known that the set of ω-tamed almost complex structures that are fixed on some open subset of the manifold is contractible. Proof: Since the three curves of each configuration intersect at exactly 2 distinct points, we have two fibrations
where C p,q is the space of configurations whose curves intersect at p and q and where the vertical maps are inclusions. Since these two fibrations have the same base, one only needs to prove that the inclusion C 0 p,q → C p,q is a homotopy equivalence. Considering now the tangent planes to the central curve A 2 at the points p and q, we define two other fibrations
where the base is a product of Grassmannian manifolds and where the fibers consist of configurations whose A 2 curve has fixed tangencies at p and q. To show that the inclusion C p,q,P,Q → C 0 p,q,P,Q is a weak homotopy equivalence, we can work locally and choose two Darboux charts centered at p and q for which the images of A 2 are tangent to the vertical plane at the origin in R 2 × R 2 . In each of these charts, we can find a symplectic isotopy that identifies the image of A 2 with the vertical plane in a neighborhood of the origin. In a smaller neighborhood U, the image of the other curve A i , i = 1 or 3, is the graph of a smooth function f : R 2 → R 2 . One can then use this function to define a symplectic isotopy, with support in U, such that the curve A i is mapped onto the horizontal plane near the origin. Since all these isotopies can be made to depend continuously on any compact family of parameters, we conclude that the spaces C p,q,P,Q and C 0 p,q,P,Q are weakly homotopy equivalent. Proof: Let ω 0 denotes the standard symplectic form onM µ,c and consider two orthogonal configurations C 0 and C 1 of the same type. By the symplectic neighborhood theorem, we can find a neighborhood U of C 0 and a diffeomorphism φ : (M µ,c , C 0 ) → (M µ,c , C 1 ) whose restriction to U is a symplectomorphism. Consider the pull-back form ω 1 = φ * (ω 0 ). By construction, this form agrees with ω 0 near C 0 and its restriction onM µ,c − C 0 is standard near the boundary. By Proposition 3.28, there is a Liouville flow ψ t that retracts M µ,c − C 0 into some standard polydisc P . After renormalization, this flow carries ω 1 to a form Ω 1 that is standard near the boundary of P . We can then apply Gromov's theorem and find a diffeomorphism ξ, isotopic to the identity, whose support is contained in P and such that ξ * (Ω 1 ) is the standard form. Thus, conjugating ξ with the flow ψ t defines a symplectomorphism (M µ,c −C 0 , ω 0 ) → (M µ,c −C 0 , ω 1 ) that is the identity near the boundary. Composing this diffeomorphism with φ, we get a symplectomorphism of (M µ,c , ω 0 ) that maps C 0 onto C 1 . Since the homology classes represented by the curves of C i form a basis of H 2 (M µ,c ), this symplectomorphism induces the identity in homology. 
Proof: The evaluation map
defines a locally trivial fibration whose fiber is the groupH id of symplectomorphisms that fix the configuration C i pointwise. Since the base retracts onto its subgroup S 1 × S 1 × S 1 , the stabilizerH i is homotopically equivalent to the subgroupH ′ i of symplectomorphisms acting linearly on C i . Note that the action ofT 2 i restricted to the curves A 1 and A 3 generates
is homotopy equivalent to the subgroupH ′′ i = {φ ∈H i : φ| A1∪A3 = id, φ| A2 is linear} Now consider the fibration given by the evaluation map
By the symplectic neighborhood theorem, the behavior of a symplectomorphism φ ∈H id in a neighborhood of the configuration C i is determined, up to isotopy, by the action of its differential dφ on the symplectic normal bundles to the curves A j . Up to homotopy, those are principal U (1)-bundles and their automorphism groups are equivalent to
Since both points p and q lie on A 2 , we have
Hence, the restriction of the differential to the normal bundle of C i defines a fibratioñ
whose base is homotopy equivalent to Z and whose fiber is homotopy equivalent to the group of symplectomorphisms equal to the identity near C i . But this group is contractible, by Proposition 3.28 that we postpone to the last subsection of this section. ThusH id is homotopy equivalent to Z and the last terms of the homotopy sequence given by the above fibration reads
Proof: When λ = 0 there is only one contractible stratum, namelỹ
which implies the homotopy equivalence of Symp(M µ,c ) with its subgroupT . This projection induces a continuous map
. Because the retraction of Symp(M µ,c ) to its subgroup Symp(M µ,c , E) in Lemma 2.4 preservesT 2 i , it is enough to show that the composite map
is injective, where E(M µ , * ) denotes the space of homotopy equivalences of (M µ , * ). Let π j : M µ → S 2 j be the two projections and denote by s j the two standard sections of π j containing the base point * ∈ s ∞ . The two continuous maps
are such that the composition with the natural inclusion E(S E(M µ ,  * ) ). The projection Π 1 (β 2k ) of [β 2k ] is represented by the standard rotation of S 2 which is also of infinite order in π 1 (E(M µ , * )). Since the composition E(S j1 , * ) → E(M µ , * ) → E(S j2 , * ) is homotopicaly trivial when j 1 = j 2 , we conclude that [α 2k ] and [β 2k ] are independent in π 1 (E(M µ , * )). This shows that π(T i ) is mapped injectively into π ( Symp(M µ,c , E) ).
A similar argument applies to the odd case -the details are left to the reader.
) as graded algebras. Proof: By the previous proposition, the fiber of the fibration
is totally non-homologous to zero. The fiber being connected and finite dimensional, the Leray-Hirsch theorem implies that
The same argument shows that, as graded vector spaces,
) is a free algebra, we can define a homomorphism of algebras θ :
which is a right inverse to the restriction. This shows that the above identification is an isomorphism of algebras. What we did in this section shows that, as the parameter c crosses the critical value µ − [µ] − , the number of strata jumps in the spaceJ (ω µ,c ) of almost complex structures onM µ,c but this has of course no effect on the stratification of J (ω µ ) on the manifold M µ . Thus we may expect that the cohomology of Symp(M µ,c ) jumps at that value, whereas the cohomology of G µ remains clearly unchanged. This suggests that the space ℑEmb ω (c, µ) = ℑEmb ω (B 4 (c), M µ ), which is the homotopy quotient of these two groups, undergoes a homotopy jump at that value. This is indeed the case in general (see [15] ). In the next sections, we will establish this for the cases µ ≤ 2.
Corollary 3.13 For all
3.2 The case 0 < λ ≤ c < 1
Proof: Since the spaceJ 01 =J (ω) is contractible, the long exact sequence of the pair (J 01 ,J 0 ) shows that the groups H i+1 (J 01 ,J 0 ) and H i (J 0 ) are isomorphic. Let N (J 1 ) be a neighborhood ofJ 1 in the contractible spaceJ 01 and write ξ for the intersectionJ 0 ∩N (J 1 )). ExcisingJ 01 − N (J 1 ) from (J 01 ,J 0 ), we see that H i+1 (J 01 ,J 0 ) ≃ H i+1 (N (J 1 ), ξ) . SinceJ 1 is a codimension 2 co-oriented submanifold ofJ 01 , its neigborhood N (J 1 ) is homeomorphic to an oriented fiber bundle of rank 2 overJ 1 . Hence, by the Thom isomorphism theorem, there is an isomorphism
Corollary 3.16 When 0 < λ ≤ c < 1, the rational homology groups of Symp(M µ,c ) are
In particular, the graded module H * (Symp(M µ,c )) is of finite type.
Proof: Since each stratum is connected,
By the previous lemma, this implies that H q (J 0 ) ≃ H q (J 1 ) ≃ Q, for all q ≥ 0. The result now follows from the fact that
Being of finite type, the rational cohomology of Symp(M µ,c ) is an associative and commutative Hopf algebra dual to H * (Symp(M µ,c )). By Leray's structure theorem, it is isomorphic, as an algebra, to the product of an exterior algebra generated by elements of odd degrees with a symmetric algebra generated by elements of even degrees. It follows from the previous corollary that Proposition 3.17 When 0 < λ ≤ c < 1, the rational cohomology of Symp(M µ,c ) is isomorphic, as an algebra, to the product
where each α i is of degree 1 and where w 2 is of degree 2.
We will compute in Section 3.4 the rational homology ring, that gives more informations on the algebraic structure of the group.
The case 0 < c < λ < 1
When 0 < c < λ < 1, the spaceJ is the disjoint union of 3 strata. The proof of the following lemma is entirely similar to the proof of lemma 3.15.
Lemma 3.18 When 0 < c < λ < 1, there is an isomorphism H i+3 (J 01 ) ≃ H i (J 2 ).
Lemma 3.19 There is an exact sequence
Proof: Let N (J 1 ) be a neighborhood ofJ 1 in the contractible spaceJ 01 and let ξ =J 0 ∩ N (J 1 )). Consider the diagram built from the long exact sequences of the pairs (N (J 1 ), ξ) and (J 01 ,J 0 )
where the isomorphism H i+1 (N (J 1 ), ξ) ↔ H i+1 (J 01 ,J 0 ) is given by excision ofJ 01 − N (J 1 ) and the other vertical arrows are induced by inclusions. Note that, from this diagram, one can reconstruct the Mayer-Vietoris sequence corresponding to the decompositionJ 01 = J 0 ∪ N (J 1 ):
, the last few terms of the diagram are
By the Thom isomorphism theorem, we know that H 2 (N (J 1 ), ξ) ≃ H 0 (J 1 ) ≃ Q and looking at the previous diagram, this group is mapped injectively into H 1 (ξ). Thus, the homology of ξ splits as H q (ξ) ≃ H q−1 (J 1 ) ⊕ H q (J 1 ). Hence, the Mayer-Vietoris sequence becomes
We can then simplify this last sequence by removing the terms H i (J 1 ) in the direct sums to obtain a sequence
which is still exact.
Corollary 3.20 When 0 < c < λ < 1, the rational homology of Symp(M µ,c ) is of finite type.
Proof: The lemmas 3.18 and 3.19 together imply that there is an exact sequence
Hence, the rank of H i (J 0 ) is not greater than rk(H i−1 (J 1 ))+rk(H i−3 (J 2 )). Since H * (J k ) ≃ H * (J 0 ) for k = 1 and k = 2, we have the inequality
The result now follows from the fact that rk(H 0 (J 0 )) = 1 
where the two generators of degree 3 correspond to the standard action of
Looking at the homotopy sequence of the fibration Symp p (M µ ) → Symp(M µ ) → M µ , we see that the rational homotopy of the stabilizer Symp p (M µ ) is
By Corollary 3.20, we know that the rational homology ring of Symp(M µ,c ) is of finite type. Hence, we can apply the Cartan-Serre theorem (see [5] ) which implies that the rational cohomology of Symp(M µ,c ) is generated, as an algebra, by the duals of its spherical classes. This proves that H * (Symp(M µ,c )) is isomorphic to the product Λ(α 1 , α 2 , α 3 ) ⊗ S(w 4 ).
The
Lie algebra π * (Symp(M µ,c )) ⊗ Q and the rational Pontryagin ring of Symp(M µ,c )
The Milnor-Moore theorem on Hopf algebras states that a connected cocommutative (in the graduate sense) Hopf algebra A on a field of characteristic zero is generated by its primitive elements. A primitive element is an element a ∈ A such that its coproduct is equal to 1 ⊗ a + a ⊗ 1. More precisely, the Milnor-Moore theorem says that any such Hopf algebra is isomorphic, as Hopf algebra, to the enveloping algebra of the Lie subalgebra consisting of the primitive elements. So the only relations in this algebra are the ones given
pq ba where the product on the right is the product in the Hopf algebra.
When A is the rational homology of a H-space, the coproduct is induced by the inclusion of H(G) in the diagonal H(G × G) ≃ H(G) ⊗ H(G), so a primitive element is an element such that its inclusion in H(G × G), via the diagonal map, decomposes by the Kunneth formula as 1 ⊗ a + a ⊗ 1. The Cartan-Serre theorem states that the primitive elements, in the case of the homology of a H-space with coefficients in a field of characteristic zero, are precisely the spherical classes. Therefore: 
is an isomorphism of Hopf algebras.
Recall that the Cartan-Serre [5] theorem also asserts that, when the rational homology is finitely generated in each dimension, the rational cohomology is a Hopf algebra for the cup product and coproduct induced by the product in G, and it is generated as an algebra by elements that are dual to the spherical classes in homology. In particular, the number of generators of odd dimension d appearing in the antisymmetric part Λ is equal to the dimension of π d (G) ⊗ Q, and the number of generators of even dimension d appearing in the symmetric part S is equal to the dimension of π d (G) ⊗ Q.
We now compute the Lie algebra π * (Symp(M µ,c )) ⊗ Q for µ ≤ 2. For this, we need to describe the generators of this algebra in more detail when c ≥ λ. In this case, there are two strata and therefore two toriT 2 0 andT 2 1 . The first one is generated by the elements x 1 , x 2 ∈ π 1 (T 2 0 ), where x 1 is the blow-up of the rotation in the first factor of S 2 × S 2 that fixes the coordinate z of the point p = (z, z), and where x 2 is the blow-up of the diagonal rotation S 1 ⊂ SO(3) × SO(3) that fixes the point z in each factor. The second toriT 2 1 is generated by the elements y 1 , y 2 where y i is the blow-up of the S 1 -rotation γ i described in Proposition 3.3. It is easy to see that
The next proposition is a straightforward corollary of the proof of Proposition 2.10 in Anjos [2] : Proposition 3.23 When c ≥ λ, the elements x 1 , x 2 , y 2 generate the Pontryagyn ring of Symp(M µ,c ).
We already know that all these generators commute except perhaps the elements y 2 and x 1 . Actually, we have: Proof: If they were commuting, the Milnor-Moore Theorem would imply that x 1 , x 2 , y 2 would generate the Pontryagyn ring with relations x i x j = −x j x i for all i = j and x all i. But this would lead to dimensions for the groups H q (Symp(M µ,c ) that are incompatible with Corollary 3.16. Indeed, the dimension of the second homology group, for instance, would then be equal to 3 instead of 4. The element α is the rotation in the fibers of W 2 , the element β 1 is the 3-cycle of SO(3) considered as acting on the first factor of S 2 × S 2 , and the element β 2 is the 3-cycle of the diagonal action of SO(3) on S 2 × S 2 . Theorem 3.25, together with Theorem 3.22, gives at once: Theorem 3.27 (1) The rational Pontryagin ring of Symp(M µ,c ), with µ ∈ (1, 2] and 0 < c < λ, is isomorphic to Λ(α 1 , α 2 , α 3 ) ⊗ S(v), i.e it is isomorphic to its cohomology ring.
(2) The rational Pontryagin ring of Symp(M µ,c ), with µ ∈ (1, 2] and λ ≤ c < 1, is isomorphic to (Q α 1 , α 2 , α 3 ⊗ S(v))/R where R is generated by the relations α
Ample line bundles and Liouville vectors fields on some algebraic open sets
Let's recall that (M, ω µ ) = (S 2 × S 2 , µω 1 ⊕ ω 1 ). For c ∈ (0, 1), denote by B 4 (c) the standard closed ball of R 4 of capacity c = πR 2 and by ι c the standard symplectic embedding of B 4 (c) in M centered at (p S , p N ) (p N , p S = north and south poles) given by the inclusion of
. In the blown-up space (M ,ω µ,c ), let D 2k , k ≥ 0, denote the homology class B − kF − E, k ≥ 0, and C 2k be any configuration consisting of three embedded symplectic spheres, crossing transversely and positively, in classes F − E, E, D 2k . Of course, this is non empty if and only if k + c < µ. Similarly, denote by C 2k−1 , k ≥ 1, a configuration consisting of three embedded symplectic spheres, crossing transversely and positively, in classes E, F − E, D 2k−1 = B − kF (this is non-empty iff k < µ). If C k denote the corresponding configuration spaces, there is a natural ordering of these according to the decreasing area of the third sphere: C 0 , C 1 , C 2 , . . . We will prove: Proposition 3.28 Consider the space S k =M − C k . Then the group G k of symplectic diffeomorphisms of S k that coincide with the identity near the boundary is contractible.
Proof: It is enough to show that there is on S k a Liouville vector field with only one zero and such that, for any compact set K of S k , there is a smooth hypersurface containing K on which the field is transverse. Indeed, in this case, one defines the isotopy φ t joining φ to the identity by conjugating φ by the time-t flow until one gets a diffeomorphism whose support is included in a symplectically standard polydisc; one then applies Gromov's theorem to complete the isotopy. Of course, such a flow is not complete, but one sets φ t = ψ −1 t φψ t equal to the identity on points p where the flow ψ t (p) is not defined. The transversality with respect to some hypersurface H containing the support of φ ensures that the isotopy is kept equal to the identity outside H, i.e. on some smaller neighborhood of the boundary of S k .
In order to construct the Liouville field, one can in principle choose on S k coordinates in C 2 which are holomorphic with respect to some natural projective structure on S k and then pull-back the symplectic form. This would lead to the expression of the form as a potential. The problem is that the symplectic blow-up operation is not globally defined except on the projective space itself (by "globally defined", we mean that the blow-upM of M can be expressed as a Kähler submanifold of M × CP n−1 which is a section over M − {pt}). We must therefore first approximate the symplectic form by a rational one, then embed the Hirzebruch surfaces (with rational forms) in a high dimensional projective space using Kodaira theorem, and finally blow-up that projective space and lift the Hirzebruch surface (i.e. take its proper transform).
Recall from Section 3 that for any µ > 0 and any integer k ≥ 0 satisfying µ − k 2 > 0, one may consider CP 1 × CP 2 endowed with the Kähler form (µ − k 2 )τ 1 + τ 2 where τ ℓ is the Fubini-Study form on CP ℓ normalized so that the area of the linear CP 1 's be equal to 1. Let W k be the corresponding Hirzebruch surface, i.e. the Kähler surface defined by
be a configuration as above in the spaceM µ,c , the blowup of M µ at the ball of capacity c < 1 centered at the pointp. There is a Kähler structure on
We can then realize this structure projectively. This is what we first describe explicitly.
Consider the complete linear system of divisors of the ample line bundle (π *
where H denotes the hyperplane bundle over CP 1 , CP 2 and π i are the projections on the two factors. By Kodaira's theorem, this defines an embedding Note that the pull-back Φ * p,q ( 1 q τ N ), restricted to W 2k , is isotopic to the form ω µ . Blow up CP N at Φ p,q (p) with weight 0 < c < 1, so that CP N can be represented by the proper
gives an algebraic model forM µ,c :
the parametrization of S 2k is then:
where
and ζ 2 (a, b) is defined like ζ 1 (a, b) but with the last term of the first row deleted. The point here is that both functions have at least one non-zero constant term. We can now pull back the form
. Because both maps are holomorphic and since τ ℓ = i 2π ∂∂ log f ℓ with f ℓ = ℓ 0 z i 2 , we have:
where both g 1 and g 2 are of the form 1+ a polynomial of even powers in the variables a , b without constant term. Taking the gradient of g = log(g b) ) with respect to the metric induced by the pull-back form and the standard complex structure on C 2 gives a Liouville vector field. One easily checks that g it has only one critical point and that it exhausts C 2 . Hence, for any compact K, there is a level set of g that contains K in its interior and, by definition, the Liouville field is transverse to that hypersurface.
This proves the Proposition for G 2k when µ is rational. To prove it for all real values, one cannot use a sequence of Liouville fields corresponding to an approximation of a real value µ by rational numbers, since the Kodaira embedding map gives rise to non convergent algebraic potentials. But instead, observe that, ifM µ,c is equipped with a formω µ,c with µ rational, then as the symplectic formω varies in a small neighborhood U ofω The proof of the Proposition in the case of a configuration in C 2k−1 , i.e. those of the form E, (F − E), B − kF , is entirely similar, the only difference being that here one has to work with the blow-up of Hirzebruch surfaces of the type W 2k−1 .
4 The stability of the homotopy type of Emb ω (c, µ) below and above the critical value c crit = λ
In this section, we prove the Stability Theorem 1.6 that will be needed in the computation of the rational homotopy groups of Emb ω (c, µ) in the next section.
Theorem 4.1 Given any value of µ ∈ (1, 2], the restriction map
is a homotopy equivalence for all pairs 0 < c ≤ c ′ < λ and pairs λ ≤ c ≤ c
There is, correspondingly, a natural homotopy equivalence between ℑEmb ω (c ′ , µ) and ℑEmb ω (c, µ) for the same set of pairs.
Proof: It is enough to show that there is a natural homotopy equivalence ℑEmb ω (c ′ , µ) → ℑEmb ω (c, µ) that makes the following diagram commutative
where the first vertical arrow is the map obtained by composing both homotopy equivalences to U (2) and the middle one is the restriction map. Consider the following commutative diagram
where as usual Symp(M µ , B c ) is the space of symplectomorphisms of M µ that send the standard ball B c ⊂ M µ to itself, where the first vertical arrow is the restriction map and the last one is induced by the quotients. In order to show that the last arrow is a homotopy equivalence, it is enough to show that the first one is. Because the following diagram also commutes up to homotopy with all horizontal arrows being homotopy equivalences
we need to show that the first vertical arrow is defined naturally and is a homotopy equivalence.
It is a difficult matter to work directly at the level of symplectic groups when one wants to construct morphisms between them and eventually prove that they are homotopy equivalences. For this, it is natural to consider instead the fibrations
where S(M µ,c ) is the space of symplectic structures onM diffeotopic to the standard form ω µ,c , and the map ρ is the natural action on a given standard structure. The goal is to construct the right hand side arrow between symplectic structures and show that it is a homotopy equivalence that makes the diagram commutative. By the homotopy theory of fibrations, this implies that the homotopy fibers are equivalent. It is natural to use the Lalonde-McDuff inflation technique to achieve this. However, any direct application of that technique would require the use a family of symplectic surfaces, which belong to well-chosen classes, and that vary smoothly with the symplectic formω ∈ S(M µ,c ). Moreover, one would have to show that it induces a homotopy equivalence that commutes, up to homotopy, with the action of Diff 0 (M ). This turns out to be a very intractable problem. A beautiful idea due to McDuff in her recent paper [14] goes round that problem in a clever way. The point is that the natural space in which inflation takes place is the space X µ,c = {(ω,J) :ω ∈ S(M µ,c ) andJ is tamed byω}. This space has two projections
where A µ,c is the space of all almost complex structures that are tamed by at least one symplectic structure in S(M µ,c ). Both are Serre fibrations with contractible fibers -note that one has to use the additional fact that inverse images of points in the vertical one are convex to see that it is a Serre fibration. Thus these three spaces are homotopy equivalent and one has the following diagram:
where all maps are homotopy equivalences and
Here each of π and π ′ is the action of Diff 0 (M ) on the pair consisting of a standard Kähler symplectic structure and the blow-up of the split complex structure. McDuff's idea is that inflation can be used to show that the spaces A µ,c and A µ,c ′ are in fact the same 1 . Assuming this, the homotopy fibers of π 2 • π and of π Proof: Let's begin with the case 0 < c ≤ c ′ < λ, and let's first show that A µ,c is a subset of A µ,c ′ . Up to isotopy, we may assume that an almost complex structureJ ∈ A µ,c is tamed by the standard Kähler formω µ,c . Assume for the moment that the following lemma holds (it is proved below). Let C be such an embeddedJ-holomorphic sphere in class B + 2F − E. It isω µ,csymplectic and has non-negative self-intersection. By the inflation technique (see [8] or [12] ), one can find a representative β of the Poincaré dual PD(B + 2F − E) with support in an arbitrarily small neighborhood of C, such that, for any non-negative real number a, the formω µ,c + aβ is symplectic and, up to isotopy with support near C, tamesJ. Thus, in terms of the basis PD(B), PD(F ), PD(−E) of H 2 (M ), we have:
Now apply inflation along a 2-sphere C in class B + F . For any b ∈ [0, ∞) we then haveJ tamed by a symplectic form in class: To go back to the ratio 1 + λ for the relative size of the base wrt fiber, we must choose
After substitution of that value of b and normalization of the size of the fiber to 1, we see thatJ is tamed by a form in class
Since c is smaller than λ by hypothesis, the coefficient
λ+a is larger than c, and as a goes to infinity, that coefficient converges to λ. This proves that all almost complex structures tamed byω µ,c are also tamed byω µ,c ′ as long as c ′ is smaller than the upper bound λ.
Remark. Note that this is a two-step process: if one wishes to achieve the inflation by adding the Poincaré dual to a singleJ-curve, the result would then have to live in the hyperplane y/x = 1 + λ of the 3-space H 2 (M ); but this is impossible if λ is irrational.
The proof that for all pairs 0 < c ≤ c ′ < λ, A µ,c ′ is a subset of A µ,c , is simpler: it is based on inflation along 2-spheres in classes B + F, F instead of B + 2F − E, B + F . Explicitly, if J is tamed byω µ,c ′ , then it is also tamed by a form in classω µ,c ′ + aPD(B + F ) + bPD(F ). Choosing b = λa and normalizing, we get the class PD(B) + (1 + λ)PD(F ) + Proof: First note that the Gromov invariant depends only on the deformation class of the symplectic form, therefore one may assume that the blow-up is made at some ball of arbitrarily small radius. Now consider first the case of the class D. We may suppose that the embedded J-curves C 1 , . . . , C ℓ in class D passing through the k(D) points p 1 , . . . , p k are disjoint from the center p of the ball that we assume to be a generic point. Since J is generic, each of these curves is J-regular. They are therefore regular for some almost complex structure J ′ which coincides with J everywhere except in a small neighborhood of p where J ′ is integrable. Moreover, there must be such a structure J ′ for which the only J ′ -curves passing through these k points are the above C i 's. Indeed, if not, there would be a sequence of such structures J ′ n coinciding with J on X − B p (1/n) and having a holomorphic curve A n passing through the above k points and some point q n ∈ B p (1/n). By Gromov's compactness theorem, this would give a J-cusp-curve in class D passing through the k + 1 generic points p 1 , . . . , p k , q n . But this is impossible since the space of such D-cuspcurves is smaller than the dimension of embedded D-curves except if the manifold admits pseudoholomorphic curves with negative Chern class with respect to generic almost complex structures. But this cannot happen in dimension 4. Now blow-up the locally integrable structure J ′ to get a structureJ ′ onX. Its only representatives in class D passing through p 1 , . . . , p k are the proper transforms of the C i 's, which are all regular. Indeed, if there were another one, it would not be a cusp-curve for dimensional reasons and would not either meet the exceptional fiber (because D · E = 0), therefore its blow-down in X would give another D-curve, a contradiction. Thus the Gromov invariant of D, as a class insideX must be equal to the Gromov invariant of D seen inside X.
Consider now the case D−E. By hypothesis, k(D−E) ≥ 0, which implies that k(D) ≥ 1. There are say ℓ embedded regular J-curves of X in class D passing through generic points p 1 , . . . , p k−1 , p. By regularity, these curves persists and remain regular for a nearby almost complex structure J ′ integrable near p. We claim that there is no other J ′ -curves in class D passing through the same points. Assuming the contrary, by the compactness theorem, we would get a sequence of structures J ′ n converging to J with at least two J ′ n -curves converging to the same regular J-curve. But for regular curves, such a bifurcation is impossible. In the blow-up space with the blow-up almost complex structure, these curves lift to regular embedded curves in class D − E passing through k(D) − 1 = k(D − E) generic points ofX. There cannot be any other such curve because it would have to meet the exceptional divisor transversally at one point and therefore its blow down would lead to a contradiction. Thus, once again, the Gromov invariant is the same.
We note, by the way, that this proposition has the following useful corollary. Proof: If not, the previous proposition would imply that the Gromov invariant of D − E would not vanish in (X,ω c ), the blow-up of (X, ω) at some small ball of capacity c. But as c increases, the Gromov invariant remains unchanged because it only depends on the deformation class of the symplectic structure. For large values of c, the symplectic area of D − E becomes negative, a contradiction.
Of course, the contraposition of that corollary is equally useful: if one knows that D has non-vanishing Gromov invariant and satisfy k(D) ≥ 1, then cap(X, ω) is bounded from above by the area of D. This is simply a mild generalisation of the proof of the NonSqueezing theorem since one may replace the S 2 -factor by any class with non-vanishing Gromov invariant that has at least one J-representative through each point.
Let's come back to the proof of Lemma 4.3. We need the following facts. Fact 1. Recall that Lemma 2.7 states that any class pB + qF − rE that admits nonmultiply coveredJ-holomorphic representatives must satisfy p ≥ 0. Thus if a curve in class B + qF − rE degenerates, the resulting cusp-curve must be the union of a curve of the form B + . . . with curves of the form qF − rE.
Fact 2. Because E is always represented (see Proposition 2.6), the positivity of intersection implies that the coefficient r is always non-negative, except of course in the case p = q = 0. Fact 3. The adjunction formula for genus zero non-multiply covered curves implies that a curve of the form B + qF − rE satisfies r = 0 or 1 and must be embedded, and a nonmultiply-covered curve of the form qF − rE satisfies 2q − r(1 − r) ≤ 2 and is embedded if q is non-negative.
We can now prove Lemma 4.3. By the wall-crossing formula for the Sieberg-Witten invariant in Li-Liu [10] , the Gromov invariant of all classes D of M = S 2 × S 2 with k(D) ≥ 0 is equal to 1. Thus by Proposition 4.4, the Gromov invariants of both B+F and B+2F −E iñ M do not vanish. Hence there are embedded J-curves in class D = B +2F −E or D = B +F for genericJ's passing through any set of k(D) generic points. LetJ be any almost complex structure tamed byω µ,c . By the compactness theorem, there are (embedded or not)J-curves in class D passing through any set of k(D) points; in order to show that there are embedded J-curves in class D, it is enough to show that the dimension of unparametrized cusp-curves is less than the dimension of the moduli space corresponding to the conditions given by k(D) points. Consider first the case B + 2F − E. First assume thatJ belongs to the stratumJ 0 admitting curves in classes B; then by positivity of intersection, no component can realize a class pB + qF − rE with q strictly negative. Hence all components have coefficient q = 0, 1 or 2. Combining this with Facts 1, 2 and 3, this implies that an embedded B + 2F − E curve can only degenerate to a cusp-curve which is the union of an embedded curve in class B + qF − rE with q ∈ {0, 1, 2}, r ∈ {0, 1}, and of positive multiples of embedded curves in classes of the form qF − rE, with (q, r) = (0, −1), (1, 0), or (1, 1) . In all cases, each curve C i in the decomposition is embedded with strictly positive first Chern class. Hence by the regularity criterion of Hofer-Lizan-Sikorav [7] , the dimension of the moduli space of each component is equal to the one predicted by the index formula. Since none of the n i C i in the decomposition is a multiple of a class of negative Chern number, we conclude by a simple counting argument that the dimension of each cusp-curve type is strictly less than the dimension of the moduli space of the embedded curves in class B + 2F − E. Hence, there must be aJ-embedded curve in that class.
IfJ belongs to the stratumJ 1 of structures admitting (B −F )-curves, then the positivity of intersection of B −F with B +qF −rE and with qF −rE implies once again that q ≥ 0 and the rest of the argument is the same. Finally, ifJ belongs to the stratumJ 2 of structures admitting (B − F − E)-curves, then the positivity of intersection of B + qF − rE with B − F − E implies that q is positive (except in the case B + qF − rE = B − F − E), and the positivity of intersection of qF − rE with both E and B − F − E implies that q is non-negative. We can then proceed as before.
5 The rational homotopy groups of Emb ω (c, µ)
We are now in position to prove the main theorem of this paper, that we recall for the convenience of the reader: 
where the first vertical arrow is the above homotopy equivalence and the last one is induced by the restriction map on Emb ω (c, µ). Because the first two vertical arrows are homotopy equivalences, so is the last one.
For the case c ≥ λ, we first prove: Proof: Recall from § 3 that the generator α 1 of π 1 (Symp(M µ,c )) ⊗ Q can be described in the following way. Take the Hirzebruch integrable complex structure on (S 2 × S 2 , ω µ ) given by the projectivization of the complex bundle L 2 ⊕ C → CP 1 where L 2 is the line bundle with divisor 2[pt] . This is biholomorphic to the projection on the first factor of This gives π i (Emb ω (c, µ) ) ⊗ Q = 0 for all i ≥ 5, π 4 (Emb ω (c, µ)) ⊗ Q ≃ Q and π 3 (Emb ω (c, µ) ) ⊗ Q ≃ Q 3 . Lemma 5.2 yields at once the ranks of the lower homotopy groups. The fact that the space ℑEmb(c, µ) does not have the homotopy type of a finite CW-complex for c ≥ λ is a consequence of the theory of minimal models, and will be postponed to [15] .
